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Abstract In this paper, we introduce the notion of bi-Smarandache BL-algebra, 
bi-weak Smarandache BL-algebra, bi-Q-Smarandache ideal and bi-Q-Smarandache 
implicative filter, we obtain some related results and construct quotient of bi-Smaran- 
dache BL-algebras via MV-algebras (or briefly bi-Smarandache quotient BL-algebra) 
and prove some theorems. Finally, the notion of bi-strong Smarandache BL-algebra 
is presented and relationship between bi-strong Smarandache BL-algebra and bi- 
Smarandache BL-algebra are studied. 


Keywords bi-Smarandache BL-algebra - bi-weak Smarandache BL-algebra - bi-Q- 
Smarandache ideal - bi-implicative filter - n-Smarandache strong structure 


1. Introduction 


A Smarandache structure on a set A means a weak structure W on A such that there ex- 
ists a proper subset B of A which is embedded with a strong structure S. In [9], W. B. 
Vasantha Kandasamy studied the concept of Smarandache groupoids, subgroupoids, 
ideal of groupoids and strong Bol groupoids and obtained many interesting results 
about them. Smarandache semigroups are very important for the study of congru- 
ences, and it was studied by R. Padilla [7]. It will be very interesting to study the 
Smarandache structure in this algebraic structures. 

Processing of the certain information, especially inferences based on certain in- 
formation is based on classical two-valued logic. Due to strict and complete logical 
foundation (classical logic), making inference levels. thus, it is natural and neces- 
sary in an attempt to establish some rational logic system as the logical foundation 
for uncertain information processing. It is evident that this kind of logic cannot be 
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two-valued logic itself but might form a certain extension of two-valued logic. Var- 
ious kinds of non-classical logic systems have therefore been extensively researched 
in order to construct natural and efficient inference systems to deal with uncertainty. 
BL-algebra have been invented by P. Hajek [5] in order to provide an algebraic proof 
of the completeness theorem of “Basic Logic” (BL, for short) arising from the con- 
tinuous triangular norms, familiar in the fuzzy logic framework. The language of 
propositional Hajek basic logic [5] contains the binary connectives © and — and the 
constant 0. Axioms of BL are: 


A)@G@-Y WW) > wy); 

(Az) (Ox) > $; 

(Az) GOX) > (YO); 

(As) GOO > x) = HOW > $)); 

(Asa) (6 = (7H) > (OX) > Ww); 

(As) (GON 7W 7b? & > W); 
A) @ nN? YD? 7 7H; 
(A7)0 > w. 

MV-algebras were originally introduced by Chang in order to give an algebraic 
counterpart of the Lukasiewicz many valued logic. This structure is directly obtained 
from Lukasiewicz logic, in the sense that the operations coincide with the basic log- 
ical connectives [4]. Lukasiewicz logic is an axiomatic extension of BL-logic and 
consequently, MV-algebras are particular class of BL-algebras. 

It is clear that any MV-algebra is a BL-algebra. An MV-algebras is a weaker 
structure than BL-algebra, thus we can consider in any BL-algebra a weaker structure 
as MV-algebra. 

The authors introduced the notion of bi-BL-algebra, bi-filter, bi-deductive system 
and bi-Boolean center of a bi-BL-algebra. They have also presented classes of bi- BL- 
algebras and we stated relation between bi-filters and quotient bi-BL-algebra [1]. 

A. Borumand Saeid et al introduced the notion of Smarandache BL-algebra and 
dealt with Smarandache ideal structures in Smarandache BL-algebra. They con- 
structed the quotient of Smarandache BL-algebra via MV-algebras (or briefly Smaran- 
dache quotient BL-algebras) and proved that this quotient is a BL-algebra [2]. 

In this paper, we introduce the notion of bi-Smarandache BL-algebra, bi-Strong 
Smarandache BL-algebra and investigate relationship between bi-Smarandache BL- 
algebra and bi-Strong Smarandache BL-algebra. We deal with bi-Smarandache ideal 
structures in bi-Smarandache BL-algebra. We introduce the notions of bi-weak Sma- 
randache BL-algebra and bi-Smarandache (implicative) ideals in bi-BL-algebra, we 
construct the quotient of bi-Smarandache BL-algebra via MV-algebras and we prove 
that this quotient is a bi- BL-algebra. 


2. Preliminaries 


Definition 1 [5] A BL-algebra is an algebra (L, A, V,©,—,0, 1) with four binary 
operations A, V,©,— and two constants 0, | such that: 

(BL1) (L, A, V,—, 9, 1) is a bounded lattice, 

(BL2) (L,©, 1) is a commutative monoid, 
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(BL3) © and > form an adjoint pair i.e, a© b < cif and only ifa<b- c, 
(BLA)a\b=a0(a-b), 

(BLS) (a> b)V (b> a) =1, 

for alla,b,c € L. 


A BL-algebra L is called an MV-algebra if x** = x, for all x € L, where x* = x > 
0. 


Lemma 1 [5] Jn each BL-algebra L, the following relations hold, for all x,y,z € L: 
()xO(~> y) Sy, 
(2)x<(v > (WO y)), 
(3) x < y ifand only if x > y = 1, 
4x>- re V=yr (x 2), 
(5) Ifx<y, thny>z<x->zandz> x<z-y, 
6)y<sQrxn>x% 
y7xs< ry) (> 4), 
8x7 y<sQ7D A> 2g, 
YQ) xVy=[4> y) > VI ATO > x) > Xx]. 


Definition 2 [5] Let L be a BL-algebra. Then subset I of L is called an ideal of L if 
following conditions hold: 

Qj)oeL 

(Ih) x € Land (x* — y*)* € limply y € I forall x,y € L. 


Definition 3 [5] An MV-algebra is an algebra Q = (Q,®,* ,0) of type (2,1,0) satis- 
fying the following equations: 

(MV,) x®(y ®zZ) = (xX@y) OZ 

(MV2)x®y=yO@x; 

(MV3) x®0 = x; 

(MV4) x** = x; 

(MV;) x ®0* = 0*; 

(MV6) (x" ®y)" ®y =" Sx) Ox, 
for all x,y,z € Q. 


From now on, L = (L,A, V,©,—,0, 1) is a BL-algebra and Q = (Q,@,* ,0) is an 
MV-algebra unless otherwise specified. 


Definition 4 [1] A nonempty set (L, A, V,©, >, 0, 1) with four binary operations and 
two constants is said to be a bi-BL-algebra if L = L, UL», where L, and Ly are proper 
subsets of L and 


i. (L1, A, V,0, 2,90, 1) is a non-trivial BL-algebra, 
li. (Lo, A, V,O, 2,0, 1) is a non-trivial BL-algebra. 


Definition 5 [1] Jf L is a bi-BL-algebra and also a BL-algebra, then we say that L 
is a super BL-algebra. 
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Definition 6 [1] Let L = L, UL, be a bi-BL-algebra. We say the subset F = FU F 
of Lis a bi-filter of L if F; is a filter of L;, where i = 1,2 respectively. 


Example 1 Let L; = {0,a,b, c,d, 1} and Lz = {0,d, e, 1}. Define © and — as follow: 


©C|0abcdl >\0abcdl 
0/0 00000 Ojl11111 
al0Qaccda a\Olbbdl 
Li b|\0cbcdb  b\Oaladl 
clOccecdc cjOllldl 
d|\Oddd0Od d\d11111 
1\0abcdl 1|Oabcdl 
o|0del >!0del 
0/0000 Oj1111 
Ls d\00dd d|d111 
e|\O dee e\Od11 
1\0del 1|0del 


For L, whose tables are the following: 


Oabcdel >|0abcdel 


© 

0}0 000000 Ojl111111 
aj\Oaccdea a\|O0lbbdel 

L b\Ocbhcdbb b|\Oaladdl 
c|\Occcdec cljOllldel 
d|\O0dddOdd d\jd111111 
e|\Oebedee elOdbddli1 
1 1 


Oabcdel Oabcdel 


Consider F, = {a,b,c,1} and Fy = {e,1}. Then F = F, U Fo = {a,b,c,e, l} isa 
bi-filter of L. 


Theorem 1 [1] Let F = F, U F> be a bi-filter of a bi-BL-algebra L = L, U Ly such 
that F; is a filter of L;, where i = 1,2. Then z = at U = is a bi-BL-algebra, where 
Li 


= = {[x]r,|x € Lj} and [x]r, = ty € Lilx > y € F;, y > x € Fj}, where x € L; and 


i= 1,2. 


Definition 7 [2] A Smarandache BL-algebra is defined to be a BL-algebra L in 
which there exists a proper subset Q of A such that: 

(S1) 0,1 € Qand|Q| > 2, 

(S2) Q is an MV-algebra under the operations of L. 
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Remark 1 /f |Q| = 2, ie, Q = {0,1}, then every BL-algebra is a Smarandache 
BL-algebra. 


In the following, Q is a nontrivial MV-algebra under operations in L and also 


|Q| > 2. 


Definition 8 [2] A nonempty subset I of L is called Smarandache ideal of L related 
to Q (or briefly Q-Smarandache ideal of A) if it satisfies: 

(cq) Ifxel ye Qandy <x, thenyel. 

(co) If x,y € I, thenx®yel. 


Theorem 2 [2] Jf 1 is an ideal of L, then I is a Q-Smarandache ideal of L. 


Definition 9 [2] A nonempty subset F of L is called Smarandache implicative filter 
of L relative to Q (or briefly Q-Smarandache implicative filter of L) if it satisfies: 


i ter 
(Fy) Ifxe F,ye Qandx > ye F, thenye F. 


In the following example, we show that every Q-Smarandache implicative filter of 
Lis not a filter of L. 


Example 2 Let L = {0,a,b, c,d, 1}. Define © and — as follow: 


O)0abcdl —>|0abcdl 
0/0 00000 O;l11111 
a\Oaccda aljO lbbdl 
b\Ocbhcdb b\Oaladl 
c\Occcdc cjOllldl 
d\0ddd0d d\jd11111 
1\0abcdl 1/0abcdl 


(L, A, V,O, >, 0, 1) is a BL-algebra. Q = {0,d, 1} is the only MV-algebra which is 
properly contained in L, which the following tables: 


*|0d 1 
1d0 


Therefore L is a Smarandache BL-algebra. Consider F = {d,1}, then F is a Q- 
Smarandache implicative filter of L, but not a filter of L since d < cand c ¢ F. 


Remark 2 [2] Let F be a Q-Smarandache implicative filter of L. Then F # @. 


Definition 10 [2] A Q-Smarandache ideal M of L is called maximal Q-Smarandache 
ideal if only if the following conditions hold: 
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(M,) M is a proper Q-Smarandache ideal. 


(M2) For every Q-Smarandache ideal I such that M C I, we have either M = I or 
I=L. 


Theorem 3 [2] The relation ~g on a Smarandache BL-algebra L which is defined 
by 
x~ogy © (xe yEeQyrxeQ) 


is a congruence relation. 


Definition 11 [2] Let L be a BL-algebra and Q be an MV-algebra. Then 5 = 
{[x]|x € L} and [x] = {y € L|x ~g y} are quotient algebra via the congruence relation 
~o (or briefly Smarandache quotient BL-algebra). 
We defined on a 
xe ll=(xey, P="), blo bl=bk->y), blob) =[roy], 
[X]AD]=[xA yl PIV Db) = [evy], [0] = o [1] = a 


For convenience, let x* y= x@y”*. 


Definition 12 [2] A Q-Smarandache ideal I of L is called a Smarandache implica- 
tive ideal of L related to Q (or briefly Q-Smarandache implicative ideal of L), if it 
satisfies: if (x* y)*z€Ilandy*ze€Tlimplyx*ze€T forall x,y,z€Q. 


3. bi-Smarandache BL-algebra 


Definition 13. A bi-smarandache BL-algebra L = (L, A, V,©, 3,0, 1) is a nonempty 
set with four binary operations \,V,©,— and two constants 0,1 such that L = Ly U 
Ly, where L, and Ly are proper subset of L and 


i. (Li, A, V,0, 3,0, 1) is a Smarandache BL-algebra, 
ii. (Lo, A, V,©, 3, 0, 1) is a Smarandache BL-algebra. 


Example 3 Let L; = {0,a,b,c,d,n} and Ly = {n, e, f, 1}. With the following tables: 


Q|\Oabcdn —>|Oabcdn 
0|/0 00000 O|nnnnnn 
a\Oa0a0a a|dndndn 
Li 6/0 000bb b\ccnnnn 
c|0a0abc c|bcdndn 
d|\0 Obbdd d\jaaccnn 
n|\Oabcdn n|\Oabcdn 
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For L, whose tables are the following: 


(L, A, V,O, 2,0, 1) is a bi-BL-algebra. Q; = {0,a,d,n} and Q> = {n,e, 1} are MV- 
algebras which are properly contained in L, and L», respectively, with the following 


tables: 


Then L; and Ly are Smarandache BL-algebras. Therefore L is a bi-smarandache BL- 


algebra. 


Example 4 Consider bi-BL-algebra D2y2,2, with the support set Dox2.2 = Lox U Ly = 


Ojne fl v\inefl 
ninnnn njl111 
Ln elnnee elelll 
fineff finell 
ljnefl linefl 
O)0Oabcdnefl —|Oabcdne fl 
0|000000000 OjL11111111 
a\O a0aQaaaa aldididi111 
b\0O000bbbbb biecl111111 
c|\Oa0abcccc clbcdid1111 
d|\00bbddddd d\jaacci1111 
n|\Oabcdnnnn n|\Oabcdl111 
e|\Oabcdnnee e|\0abcdelll 
fi0Oabcdnef f f\Oabcdnell 
1|\O0abcdnef 1 1/0Oabcdnefl 


® 
0 
Q1 ajlaann 
d 
n 


Oadn 


Oadn 


dndn 


nnnn 


*/Oadn 


ndaO 


*x/ne | 
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{0, a, b,c} U {c, 1} = {0, a, b,c, 1} and the following tables: 


O|0abec >|0abc 
0/0000 Olcecce 
Lox2 alO0a0a albcbe 
bi0O0bb blaacc 
cl\O abe c|Oabe 
O|cl >I\cl 
Ly clcece c {ll 
licl liecl 


Q, = {0,c} and Q» = {c, 1} are the only MV-algebras which are properly contained 
in Lox and Lo, respectively, with the following tables: 


@| Oc 0 
ok Cc 
21 0l0c pe 
C 
C|:C-€ 
| cl 


«1c 1 
Q ¢lel 1 
es . 


Therefore £5, and £5 are not Smarandache BL-algebras. Thus D229 is not a bi- 
smarandache BL-algebra. 


In the following example, we show that every Smarandache BL-algebra is not a 
bi-Smarandache BL-algebra. 


Example 5 Let L; = {0,a,c, 1} and Ly = {0,b, c,d, 1}. With the following tables: 


©|0acl >)/0acl 
0/0000 O;1111 
Ly a|\Qaca alOlcl 
c|O ccc cjO111 
1\0acl 1\/Oacl 
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o|0bcdl >|0bcd1 
0/0 0000 Oj/11111 
is bi0Obcdb b\Olcdl 
c|\Occdc cjOlldl 
d\0dd0d did1111 
10bcdl 1/0bcdl 
For L, whose tables are the following: 
©|\0abcdl >)O0abcdl 
0;/000000 O/111111 
a\Oaccda al|lOlbbdl 
L pbl0cbcdb b|Oaladl 
clOcccdc c|jO1llldl 
d\0ddd0d d\/d11111 
1\0abcdl 1|\Oabcdl 


Lis BL-algebra such that L is super BL-algebra. Q; = {0, 1} and Q> = {0,d, 1} are the 
only MV-algebras which are properly contained in L; and Lz, respectively. Therefore 
L is not a bi-Smarandache BL-algebra, but Q = {0,d,1} is the only MV-algebras 
which are properly contained in L, which the following tables: 


*|Od1 
1d0 


Therefore L is a Smarandache BL-algebras. 


Definition 14 Let L = L, U Ly be a bi-BL-algebra. If only one of L; or Ly is a 
Smarandache BL-algebra, then we call L a bi-weak smarandache BL-algebra. 


Example 6 In Example 5, Lz is a Smarandache BL-algebra and L, is not a Smaran- 
dache BL-algebra. Thus L = Ly U Ly is a bi-weak Smarandache BL-algebra. 


Theorem 4 All bi-Smarandache BL-algebras are bi-weak Smarandache BL-algebras 
and not conversely. 


Example 7 Ho 2x2 = £2 U Lox2 is a super BL-algebra. Ly and Loy. are not Smaran- 
dache BL-algebras, thus Hx. is not a bi-weak Smarandache BL-algebra. 


Example & In Example 3, L is a bi-weak Smarandache BL-algebra (by Theorem 4), 
but L is not a super BL-algebra. 
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Theorem 5 Let L = L; UL, be a super BL-algebra and bi-Smarandache BL-algebra. 
Then L is a Smarandache BL-algebra. 


Proof Let L = (L, ULy, A, V,©, >, 0, 1) be a super BL-algebra and bi-Smarandache 
BL-algebra. Then there exist MV-algebras Q; and Q> of L; and Ly, respectively, and 
we have 0 € Q; or 0 € Q>. Let 0 € Q;. Now we consider the following cases: 


1) If 1 € Q;, then Q,; is an MV-algebra which is contained in L. Thus Lis a 
Smarandache BL-algebra. 


2) If 1 ¢ Qi, since Q; is an MV-algebra of L;, thus we have the greatest element 
g € L; such that 0* = g and g* = 0. Consider Q = (Q, — {g}) U {1}. Now we 
verify that (Q, ®,* ,0) is an MV-algebra. 

Let x, y € Q. Then we have the following cases: 


1) Let x,y € Q; — {g} andx,y #1. Thenx@ye Q).Ifx@y#g,thenx@ye Q, 
now if x ® y = g, then we replace g with 1. Thusx@y=1€ Q. 
2) Letxe Q; —{g}andy=1. Thenx®y=x@l=1eE@Q. 
3) Letx,y=1. Thenx®@y=1O@1=1eEa. 
Thus Q is close respect to . And since Q; is an MV-algebra, thus for any x € 
QO, — {0}, we have x** = x and consider 0* = 1 and 1* = 0. Therefore Q is close 
respect to *. 


Now we verify that Q satisfy in definition of MV-algebra. 
Let x,y,z € Q = (Q; — {g}) U {1}. Then we have the following cases: 


1) Let x,y,z € Q = (Qi —{g})— {1}. Since Q; is an MV-algebra, thus x, y, z satisfy 
in definition of MV-algebra (i.e., conditions ((MV,) to (MV6)). 


2) Let x,y,z = 1. It is clear that x, y, z satisfy in definition of MV-algebra. 


3) Let x = 1 and y, z € (Q; — {g}) — {1}. In this case, we consider two cases: 
(a) If y@ z = g, then we replace g with 1,i.e., y@z= 1 and 
(b) If y@z # g, thus y®ze Q; —{g} CO. 
Now we verify conditions (MV) to (MV6). 
(MV) In Case (a), x®@(v@z=1@l=land(x@y)O@z=(1 Ey) Oz=1Ez=1. 
In Case (b), 1 ®8(v Oz) = (1 @y) Oz=1. Thus xz) =(* Sy) Gz. 
(MV2)x®@y=1Oy=l=yel=yex. 
(MV3)x®0=1@0=1=x. 
(MV4) x* = 1" =O =1=x. 
(MVs)x@O°=1@1=1=x. 
(MV6) (x* @y)* @y = (1* Gy)’ @y = y’ ®y = 1, since y € Q; — {g} and Q, is an MV- 
algebra, and (y* @x)*@x=y@1 = 1. Thus (x* @y)* @y = (y* @x)* Ox. 


4) Let y = 1 and x, z € (Q; — {g}) — {1}. In this case, we consider two cases: 
(a) If x ® z = g, then we replace g with 1, i.e., x®z = 1 and 
(b) If x®z # g, thus x @z € OQ; — {g} C Q. This case is similar to Case 3). 
5) Let z = 1 and x, y € (Q; — {g}) — {1}. In this case, we consider two cases: 
(a) If x ® y = g, then we replace g with l,i.e., x®y = | and 
(b) If x @ y # g, thus x ®y € Q; — {g} C Q. This case is similar to Case 3). 
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6) Let x,y = 1 and z € (Q, — {g}) — {1}. It is clear that x, y, z satisfy in definition of 


MV-algebra. 


7) Let x,z = 1 and y € (Q, — {g}) — {1}. It is clear that x, y, z satisfy in definition of 


MV-algebra. 


8) Let y,z = 1 and x € (Q; — {g}) — {1}. It is clear that x, y, z satisfy in definition of 


MV-algebra. 


Therefore (Q, ®,* ,0) is an MV-algebra which is properly contained in L. Thus L 


is a Smarandache BL-algebra. 


Example 9 Let L; = {0,e, f, g} and Ly = {g,a,b,c,d, 1}. With the following tables: 


oO Oe fg >l0efg 
0/0000 Olg ggg 
Li e/00ee ele ggg 
flOeff f\0egsg 
g\Oefs glOefs 
O)gabcdl >| gabcdl 
&|S 88EkE gi/l11111 
a\gagaga a\dlididl 
Ly big ebbbb blaal111 
c\gabcbce c\gadlidl 
dig gbbdd djaacclil 
l|\gabcdl l |gabcdl 
For L = L; U Ly, whose tables are the following: 
O0efgabcdl —|Oabcdne fl 
0}000000000 O/L1l1111111 
e|\O0eeeeecee elellll111l 
SiQe fF FFFFF fiOellliitii 
LsOefsgsgsg gilOefliliiil 
aQNefgagaga al\l0Oefdididl 
bl0efggbbbb b\0efaallitii 
clO0efgabche c|\Oefgadidl 
d0efggbbdd d\Oefaaccli1 
l0efgabcdl 1\0efgabcdl 


Then L is super BL-algebra. Q; = {0,e, g} and Q = {g,a,d,1} are MV-algebras 
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which are properly contained in L, and Ly, respectively, with the following tables: 


*|Oeg 
ge0 
@|gad1 
gigad1 *|gad1 
2 alaaal 
ldag 
didad\1 
11111 


Therefore L; and Ly are Smarandache BL-algebras. Thus L is a bi-Smarandache BL- 
algebra. Also @ = {0,e, 1} is the only MV-algebra which is properly contained in L, 
with the following tables: 


*l0e1 


Therefore L is a Smarandache BL-algebra. 
From now on, (Q;,®,* ,0) is an MV-algebra unless otherwise specified. 


Definition 15 Let L = L, U Ly be a bi-BL-algebra. A nonempty subset I of L is 
called bi-Smarandache ideal of L related to Q (or briefly bi-Q-Smarandache ideal of 
L), where Q = Q, U Qo if I = I, Uh such that I, and I, are Q,-Smarandache ideal 
of L, and Q2-Smarandache ideal of Lz, respectively. 


Example 10 In Example 3, we consider J; = {0,a} and Jy = {n,e,1}. I isa Q)- 
Smarandache ideal of L; and J) is a Q>-Smarandache ideal of Ly. Thus J = J; Ul, = 
{0, a,n, e, 1} is a bi-Q-Smarandache ideal of L, where OQ = Q; U Q2 = {0,a,d,n, e, 1}. 


Theorem 6 Let L = L; UL be a bi-BL-algebra and I = I, U Ih be a bi-ideal of L. 
Then I is a bi-Q-Smarandache ideal of L. 


Proof Let I = I, Ul bea bi-ideal of L = L, U Ly. Then J; is an ideal of L; and 
is an ideal of Ly, hence by Theorem 2, J; is a Q,-Smarandache ideal of L; and J, is 
a Q>-Smarandache ideal of Ly. Thus I = I; U Jy is a bi-Q-Smarandache ideal of L, 
where Q = Q; U Qp. 


In the following example, we show that the converse of Theorem 6 is not true. 


Example 11 In Example 3, consider 1; = {0,a,d,n}. It is clear that J; is a Q)- 
Smarandache ideal but not an ideal of L;. Since d € I, (d* > b*)* =n* =OeE 
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but b ¢ J, and lh = {n, e, 1} is a Qo-Smarandache ideal but not an ideal of Lz. Since 
né€ lb, (n* > f*)* =n* =1€ by but f ¢ bh. Thus/ = 1, U hh = {0,a,d,n, e, 1} is not 
a bi-ideal of L. 


Definition 16 Let L = L, U Ly be a bi-BL-algebra. A bi-Q-Smarandache ideal 
T=1,Uh of L = L, U Ly is called a bi-Smarandache implicative ideal of L related 
to O = Q; U Q) (or briefly bi-O-Smarandache implicative ideal of L) if I, and In are 
Q,-Smarandache implicative ideal of L; and Q.-Smarandache implicative ideal of 
In, respectively. 


Example 12 Yn Example 3, 1; = {0,a} is a Q;-Smarandache implicative ideal of L; 
and J, = {n,e,1} is a Qo-Smarandache implicative ideal of Lz. Thus J = 1); Uh = 
{0, a,n,e, 1} is a bi-Q-Smarandache implicative ideal of L, where Q = Q; U Qo = 
{0, a, d,n, e, 1}. 


Example 13 Let L; = {0,a,b,c,d,e, f,g,n} and Ly = {n,h,i, 1}. With the following 
tables: 


OlOabcdefgn —abcdefgn 
0j/000000000 O|nnnnnnnnn 
a\j00a00a00a algnngnngnn 
bOab0ab0ab bifgenfgenfgn 
ti cl00000ccc c|jeeennnnnn 
d\00a00accd d\deegnngnn 
eab0abcde elcdefgenfgn 
fl000ccc fff f\lbbbeeennn 
gl00accdffg glabbdeegnn 
n\0abcdefgn n|Oabcdefgn 
Olnhil a\nhil 
n\nnnn n\1111 
L2 h\lnnhh hlhi.i 
ilnhii i |lnhil 
l\nhil liInhil 


For L = L; U Ly, whose tables are the following: 
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Oabcdefgnhil 


Oabcdef gnhil 


Ree aaneeasa ole 


Then (L, A, V,©, >, 0, 1) is a bi-BL-algebra. Q; = 
are MV-algebras which are properly contained in L; and Ly, respectively, with the 


following tables: 


000000000000 
00a00a00aaaa 
Oab0ab0abbbb 
O00000ccccCcCc 
O0a00accdddd 
Oab0abcdeeee 
O00cccffffff 


OOaccdffgggg 
Oabcdefgnnnn 


Oabcdefgnnhh 
Oabcdefgnhii 
Oabcdefgnhil 


Obcefn 


Obcefn 
bbeenn 


cefnfl 


eennnn 


fnfnfn 


nnnnnn 


se o & Ol @ 


einh1 


PS FswAenrmn QA SFB SO 


1Titt21111111 
gligiigllIll 
Felfelfellii 
eeellllll11l 
deegiligll1111l 
cdefglfgll111 
bbbeeell1i111 
abbdeeglili111 
Oabcdefglilii1 
OabcdefghIii1 
Oabcdefgnhit1 
Oabcdef gnhil 


*Obcefn 


«inh | 


lhn 


{0, b, f,c,e,n} and Q2 = {n,h, 1} 


Therefore L is a bi-Smarandache BL-algebra. Then J; = {0, b} is Q;-Smarandache 
ideal of L;, but not a Q;-Smarandache implicative ideal of L;. Since (f * c) *e = 
(fOeOc=0EF, andcxe=cOc=O0€Eh, but fee = fOc=c¢h. h = {n,h, 1} 
is a Qo-Smarandache implicative ideal of L. Thus J = J; U Jy is a bi-Q-Smarandache 
ideal of L = L, U Ly», but not a bi-Q-Smarandache implicative ideal of L. 


Definition 17 Let L = L; U Ly be a bi-BL-algebra. A nonempty subset F of L is 
called bi-Smarandache implicative filter of L related to Q, where Q = Q U Q» (or 
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briefly bi-Q-Smarandache implicative filter of L), if F = F, U F2 such that F, and F 
are Q,-Smarandache implicative filters of L; and Qy-Smarandache implicative filter 
of Lz, respectively. 


Example 14 In Example 3, F, = {d,n} is a Q,-Smarandache implicative filter of L; 
and Fy = {f, 1} is a Qo-Smarandache implicative filter of Ly. Thus F = F, U Fy = 
{d,n, f, 1} is a bi-Q-Smarandache implicative filter of L, where Q = Q; U Qo. 


Remark 3 Let F be a bi-Q-Smarandache implicative filter of L. Then F # ¢ and F 
is not a bi-Smarandache BL-algebra since 0 ¢ F. 


Proposition 1 Each filter of a BL-algebra is a Q-Smarandache implicative filter and 
not conversely. 


Proof Let F be a filter of a BL-algebra L. Then | € F. Now let x € F, y € Q and 
x— yeF. Since Q C L, then y € L, thus y € F. Therefore F is a Q-Smarandache 
implicative filter. 

Consider BL-algebra £3, with the following tables: 


OQOabcdl —l0abcdl 
0/000000 OW11111 
a\OaQaQ0a ald\ididl 
£32 b0000bb blec1111 
c|0a0abc clbcdlid1 
d\00bbdd djaaccli1 
1\)0abcdl 1 |)Oabcdl 


Q = {0,a,d, 1} is an MV-algebra which is properly contained in £32, with the 
following tables: 


el0ad1 
0\l0adl1 *l0ad1 

Q alaal1l 
ldaO 

didid1 

1j1111 


Therefore £3, is Smarandache BL-algebra. Then F = {a, 1} is a Q-Smarandache 
implicative filter of £32, but not a filter of L3,2, since a < candae F, butc ¢ F. 


Proposition 2 Each bi-filter of a bi-BL-algebra is a bi-Q-Smarandache implicative- 
filter and not conversely. 


Definition 18 Let L = L, UL, be a bi-Smarandache BL-algebra. A bi-Q-Smaranda- 
che ideal M = M, U Mj of L is called bi-maximal-Q-Smarandache ideal, where 
Q = Q| UQ if only if the following conditions hold: 
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(M,) M; is a proper Q;-Smarandache ideal. 


(M2) For every Q;-Smarandache ideal I; such that M; © I;, we have either M; = I; 
or i = Li, 


where i = 1,2. 


Example 15 In Example 3, 1; = {0,a,c,d,n} is maximal Q,-Smarandache ideal of 
L,; and Jy = {n,e, 1} is maximal Q2-Smarandache ideal of Lj. Thus J = I; Ub = 
{0, a,c, d,n, e, 1} is a bi-maximal-Q-Smarandache ideal of L, where O = Q; U Qo. 


Definition 19 Let L = L; U Ly be a bi-Smarandache BL-algebra. Then there exist 
MV-algebras Q, and Q» which are properly contained in L, and Ly, respectively. 
Then & = {[xlo|x € Li} and [x]g, = {y € Lilx ~g, y} = ty € Lix > y € Oy > x€ 
Q,} are quotient algebras via the congruence relations ~g,, where i = 1,2 (or briefly 
bi-Smarandache quotient BL-algebra). 

We defined on as 

[xlo, ® Do, = + @ ylo, P19, = 1", blo, > Lyle, = [x > ylo, 

[xlo, © Lyle, = [xO ylo, [*]o, A lo, = [* A ylo; [*lo, V Lyle, = ¢ V yl; 

[0lo, = G Me, = = op where t= 1,2. 


£ ox, Ly, 
Then a oe a: 


Example 16 In Example 3, consider L; = {0,a,b,c,d,n}, Ly = {n,e, f, 1}, Qi = 
ic a,d,n} and Q) = {n,e, 1}, then a= {[0]o,,[alo,,[blo,.[clo,.[dlo,,[nlo,} and 
a = {[nJo,. elo, [flo,,UJo,} such ve saa oe = 2 = [n]o, = {0, a, d,n} 
and [b]g, = [clo, = {b,c} and [n]g, = lela, = [flo = Wo, = tne, f, I). 
Thus 5 = {[0]g,,[blo,,[1o,}- 
Example 17 In Example 9, couse _ = {0,e, f,g}, Lo = {g,a,b,c,d, 1}, Q) = 
Pe e,g} and Q) = oe d, 1}, then in a , we have [O]o, = [elo, = [flo, = [glo,, thus 
= {[0]o,} and in 5, we have [g]o, = [a]o, = [blo, = clo, = [d ie [1]o,, thus 
= {Islas} Therefore 4 5 = {[0]o,,[glo,}. 
* uti in o we have M = [elg = [glg = [alg = [blo = [elg = [dlg = [1], then 
= {[0]o}. Thus < ha 7 


Le 
Q 
4. bi-Strong ton BL-algebra 
Definition 20 Let L = (L,A,V,0,—,0, 1) be a BL-algebra. If there exists a chain of 
proper subsets 

Py-y < Pn-z < +++ < Po < Py < L, 
where “ < ” means “included in” whose corresponding structure verify the inverse 
chain 

Wr-1 > Wi-2 > +++ > W2 > W > L, 


where “ >” signifies strictly strong (i.e., structure satisfying more axioms). Then we 
call L = (L, A, V,O, 2,0, 1) a strong Smarandache BL-algebra of rank n. 
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Remark 4 Jn above definition, Wz can be a Boolean algebra and W, can be an MV- 
algebra. 


Example 18 Let L = {0,a, b,c, d, 1}. With the following tables: 


OQOabcdl —Oabcdl 
0|/000000 O11111 
a\Obbd0a aldlaccl 
L b0bb00b blcllecl 
c)Od0cdc c |babial 
d\000d0d djala111 
10abcdl l |gabcdl 


L = (L,A,V,©,—,0,1) is a BL-algebra. A = {0,b,c,1} is an MV-algebra, B = 
{0,b, 1} is a Boolean algebra and B c A Cc L. Thus L is a strong Smarandache 
BL-algebra of rank 3. 


Proposition 3 Every strong Smarandache BL-algebra of rank n such that n > 2, is a 
Smarandache BL-algebra. 


Corollary 1 Every strong Smarandache BL-algebra of rank 2 is a Smarandache BL- 
algebra. 


The following example shows that the converse of Corollary | is not true. 


Example 19 In Example 18, A = {0, b,c, 1} is an MV-algebra which is properly con- 
tained in L. Thus L is a Smarandache BL-algebra, but L is not a strong Smarandache 
BL-algebra of rank 2. 


Definition 21 Let L = L; U Ly be a bi-BL-algebra. If L, is a strong Smarandache 
BL-algebra of rank n, and Ly is a strong Smarandache BL-algebra of rank nz, then 
we call L = L, U Ly a bi-strong Smarandache BL-algebra of rank nj, no. 

If only one of L; or Ly is a strong Smarandache BL-algebra of rank ny or no, 
respectively, then L = L U Ly is a bi-weak Smarandache BL-algebra. 


Example 20 In Example 3, L, is a strong Smarandache BL-algebra of rank 3. Since 
Q, = {0,a,d, 1} is an MV-algebra, B; = {0,d, 1} is a Boolean algebra and By C Q; C 
Ly. 

Ly is a strong Smarandache BL-algebra of rank 2. Since Q2 = {n, e, 1} is an MV- 
algebra and Q; C Ly. Thus L = L; U Ly is a bi-weak Smarandache BL-algebra of 
rank 3, 2. 


Proposition 4 Every bi-strong Smarandache BL-algebra of rank n,,n2 such that 
N1,N2 = 2, is a bi-Smarandache BL-algebra. 


Corollary 2 Every bi-strong Smarandache BL-algebra of rank 2,2, is a bi-Smaranda- 
che BL-algebra. 
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The following example shows that the converse of Corollary 2 is not true. 


Example 21 In Example 3, L is a bi-Smarandache BL-algebra, but L is a bi-strong 
Smarandache BL-algebra of rank 3, 2. 
Now we consider case that L = L; U Ly is a super BL-algebra. 


Example 22 In Example 9, L; is a strong Smarandache BL-algebra of rank 2, since 
Q, = {0,e, g} is an MV-algebra and Q, C L, and Ly is a strong Smarandache BL- 
algebra of rank 3, since Q2 = {g,a,d,1} is an MV-algebra and B = {g,d,1} is a 
Boolean algebra and B C Q) C Ly. 

Thus L = L; U Ly is a bi-strong Smarandache BL-algebra of rank 2,3. But in BL- 
algebra L, we have Q = {0,e, 1} is the only MV-algebra which is properly contained 
in Land Q Cc L. Therefore L is a strong Smarandache BL-algebra of rank 2 (or 
Smarandache BL-algebra). 

We show that in a strong Smarandache BL-algebra, and rank is not unique. 


Example 23 Let L = {0,a, b,c, d, e, f, g, 1}. Then Lis a BL-algebra with the following 
tables: 


O|\Oabcdef gl >|Oabcdef gl 
0/0 00000000 O/L111i1i11i1 
a\O00a00a00a a\gllglilglil 
b|\Oab0ab0ab bifglfglfgl 
L ¢|900000ccc cljeeellll1ll 
d\00a00accd dideeglilgll 
e/Oab0abcde elcdefglfgl 
fi000ccc fff flbbbeeel11 
g\O0accdf fg glabbdeeglil 
1\0abcdef gl 1|Oabcdefgl 


Q, = {0,d, 1} is an MV-algebras which is properly contained in L, i.e., Q; C L. Then 
Lis a strong Smarandache BL-algebra of rank 2. 

Now we consider MV-algebra Q) = {0,b, f,c,e, 1} which is properly contained 
in L. By = {0,b, f, 1} is a Boolean algebra which is properly contained in Q). Thus 
By Cc Q, CL. Then Lis a strong Smarandache BL-algebra of rank 3. 


Theorem 7 All bi-strong Smarandache BL-algebras of rank n,, nz are bi-weak Sma- 
randache BL-algebras and not conversely. 


proof By Proposition 4 and Theorem 4. 
5. Conclusion 


Smarandache structure occurs as a weak structure in any structure. 
In the present paper, by using this notion, we have introduced the concept of bi- 
Smarandache BL-algebras and investigated some of their useful properties. We have 
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also presented definition of strong Smarandache BL-algebra and bi-strong Smaran- 
dache BL-algebra and investigated relationship between strong Smarandache BL- 
algebras with Smarandache BL-algebras and relationship between bi-strong Smaran- 
dache BL-algebras with bi-Smarandache BL-algebras and introduced the notion of 
bi-weak Smarandache BL-algebras and investigated relationship between bi-weak 
Smarandache BL-algebras with bi-Smarandache BL-algebras and bi-strong Smaran- 
dache BL-algebras. 
In our future study of bi-Smarandache BL-algebras, maybe the following topics 
should be considered: 
(1) To get more results in bi-Smarandache BL-algebras and application; 
(2) To obtain more results in bi-strong Smarandache BL-algebra and application; 
(3) To have more connection to strong Smarandache BL-algebra and Smarandache 
BL-algebra; 
(4) To grasp more connection to bi-strong Smarandache BL-algebra and bi-Smaran- 
dache BL-algebra; 
(5) To have more connection of ranks bi-strong Smarandache BL-algebra together. 
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